The neutron rich isotope 22 Ne may be a significant impurity in carbon and oxygen white dwarfs and could impact how the stars freeze. We perform molecular dynamics simulations to determine the influence of 22 Ne in carbon-oxygen-neon systems on liquid-solid phase equilibria. Both liquid and solid phases are present simultaneously in our simulation volumes. We identify liquid, solid, and interface regions in our simulations using a bond angle metric. In general we find good agreement for the composition of liquid and solid phases between our MD simulations and the semi analytic model of Medin and Cumming. The trace presence of a third component, neon, does not appear to strongly impact the chemical separation found previously for two component carbon and oxygen systems. This suggests that small amounts of 22 Ne may not qualitatively change how the material in white dwarf stars freezes. However, we do find systematically lower melting temperatures (higher Γ) in our MD simulations compared to the semi analytic model. This difference seems to grow with impurity parameter Qimp and suggests a problem with simple corrections to the linear mixing rule for the free energy of multicomponent solid mixtures that is used in the semi analytic model.
I. INTRODUCTION
The internal composition of White Dwarf (WD) stars has an impact on their evolution. Sedimentation of 22 Ne and the release of latent heat of fusion has been shown to delay cooling of WD stars by a few Gyr [1] . Such modest energy sources can have a large effect because the energy input from nuclear reactions is small. Therefore, the chemical energy input becomes relevant. Understanding these additional energy sources can allow for more accurate age determinations of stellar clusters.
The interior of a WD is a Coulomb plasma of ions and a degenerate gas of electrons. As the star cools this plasma crystallizes. This crystallization has been observed in recent observations of both globular [2] and open star clusters [3] . The melting temperature observed in the Winget et al. results may also constrain the composition of the WD interior [4] . Horowitz et al. only considered the contribution of carbon and oxygen.
Much of the carbon, nitrogen, and oxygen, originally present in the star, is converted by nuclear reactions to the neutron-rich isotope 22 Ne. The larger mass to charge ratio of 22 Ne compared to 12 C and 16 O results in a release of gravitational energy as it sinks in the strong gravitational field of the star. This provides an additional source of energy during WD cooling [5, 6] . Sedimentation of 22 Ne can also affect the 56 Ni yield in type Ia SNe since the excess 22 Ne in the core can modify the electron fraction [7] .
Liquid-solid phase diagrams for multicomponent plasmas have been determined using Monte Carlo and densityfunctional techniques. Binary mixtures have been considered by many groups [8] [9] [10] [11] [12] , while three or more components have not been as extensively studied [13] [14] [15] [16] [17] . Often these works determine liquid-solid phase equilibria by comparing liquid and solid free energies that have been calculated separately. This approach may be sensitive to any small errors in the free energy difference between liquid and solid phases, while also providing no information on the dynamics of the phase transition.
Recently, we have performed direct two-phase molecular dynamics simulations of liquid-solid phase equilibria for carbon-oxygen mixtures in WD stars [4, 18] , oxygen-selenium mixtures [18] , and for a complex 17 component mixture modeling the crust of an accreting neutron star [19] . These simulations have both liquid and solid phases present simultaneously. This allows a direct determination of the melting temperature, and the composition of the liquid and solid phases from a single simulation. Systems with an arbitrary number of components can be modeled in this way.
One must address potential systematic errors from finite size and non-equilibrium effects, however. Finite size effects can be important since an ion deep in the bulk liquid or solid may not be far from an interface. Larger system sizes must be used to address this. These two-phase simulations must also be run long enough to ensure that the phases come into thermodynamic equilibrium. This requires impurities to diffuse through the solid phase. However, diffusion in the solid phase is relatively fast since the ions have soft 1/r interactions, instead of hard cores, so that the ions can move past one another. We have extensively studied diffusion in Coulomb crystals in a recent paper [20] .
If the systematic effects of a direct molecular dynamics simulation are addressed, then this method should yield accurate results. The systematic errors between the direct MD simulations and the free energy calculations are in principle very different so comparing the results directly should provide an important check on both methods. However, due to the lack of published results for free energy calculations of multicomponent systems, the only quantitative method currently available for comparing to these calculations is an extrapolation of their results for two-component systems [16] .
In this paper, we perform MD simulations of C/O/Ne mixtures with 27648 ions for three different C/O ratios as well as three different Ne concentrations for a total of nine systems. This choice allows us to see the neon dependence of the phase diagram across a range of C/O ratios. We also compare our MD results to an analytic model extrapolating the results of two-component, free energy calculations. We discuss our MD formalism and analytic model in Section II, present results in Section III, and conclude in Section IV.
II. FORMALISM
We describe our molecular dynamics method in Section IIa, the algorithm to determine liquid vs solid vs interface in Section IIb, and the theoretical model in Section IIc.
A. MD formalism
The method used in these simulations is similar to our previous liquid-solid equilibria determinations [4, 18] . We consider a three component mixture of 12 C, 16 O, and 22 Ne. The ions interact via screened Yukawa interactions
where Z i and Z j are the respective charges of the two ions being considered, r is the separation between the ions, and λ is the Fermi screening length, which for cold relativistic ions is
Here, the electron Fermi momentum k F is k F = 3π 2 n e 1/3 and α is the fine structure constant. The electron density n e is equal to the ion charge density, n e = Z n, where n is the ion density and Z is the average (by number of ions). Our simulations are classical and we have neglected the electron mass (extreme relativistic limit). Note that electrons can be non relativistic at lower densities and this will modify λ. However, our results are not very sensitive to the exact value of λ, see for example ref. [21] . One component plasma simulations can be characterized by the Coulomb parameter Γ = Z 2 e 2 /aT. We characterize our multicomponent system using an average Coulomb parameter,
where Γ e = e 2 /a e T with the electron sphere radius a e = (3/4πn e ) 1/3 . For our mixtures of carbon, oxygen, and neon, the values of a e and λ are such that the dimensionless ratio κ ≡ a e / Z 1/3 λ < ∼ 0.4. Therefore, we expect the ground state to be a body-centered cubic (bcc) rather than a face-centered cubic (fcc) crystal. S. Hamaguchi et al. [21] finds κ ≥ 1.066, for a one-component plasma, in order for the system to be an fcc crystal.
Time can be measured in our system in units of one over the plasma frequencyω p . For a one component plasma, the plasma frequency is
where M is the mass of the ion. For a mixture, we choose to define an average plasma frequencyω p = 4π Z 2 e 2 n/ M 1/2 .
B. Interface finding algorithm
Determining whether a cluster of ions is a liquid or a bcc solid is simple when visually inspected, however this determination is difficult to obtain numerically. For an entire system, phase determination can be accomplished by computing the global order parameter Q 6 [22] . In this work, we use the prescription laid out by ten Wolde et al. [23] to determine whether individual ions are liquid-like or solid-like.
For each ion i, an ion j is defined as a neighbor if it is within a given radius r min , as defined by the first minimum in the pairwise correlation function g(r). The vectorsr ij joining neighbors are called bonds. The direction of these vectors can be described by θ ij and φ ij in the frame of ion i. The local structure around ion i can be characterized by a spherical vectorq lm (i),q
where N b (i) is the number of ions bonded with ion i and Y lm (θ ij , φ ij ) is a spherical harmonic. These local order parameters are large in both the solid and the liquid. The global order parameter Q 6 is calculated from an average over all of the N ions,
This is large in the solid due to the fact that theq 6m (i) add up coherently. In the liquid,q 6m (i) add incoherently, so Q 6 is near zero. This coherence is exploited to determine local order. For eachq 6m (i) a normalization is applied,
A dot product can now be defined of the vectors q 6 for neighboring particles i and j,
By construction, q 6 (i) · q 6 (i) = 1. We use the same criterion as ten Wolde et al. [23] for determining whether two particles are connected, namely q 6 (i) · q 6 (j) > 0.5. This criterion will be met for most of the bonds in the solid. In the liquid, two neighbors may be in phase and considered connected, but that is certainly not true for all of the neighbors. Therefore, we use a threshold on the number of connections to determine if an ion is solid-like or liquid-like. If an ion has more than seven connections, then it is tagged as solid-like. If it has seven or fewer connections it is liquid-like. For a perfect bcc crystal, the number of connections per ion is 14.
Now that each ion is tagged as either solid-like or liquid-like, the interface in our two-phase simulations can be found. Deep in the solid, a vast majority of the ions within a certain radius of a given ion are identified as solid-like. In Requiring a smaller majority, say > 75%, to define liquid and solid regions may lead to a thinner interface region. This could slightly increase finite size effects for the composition of the solid and liquid because we expect the interface region to have a composition, in general, intermediate between that of the solid and liquid phases. Therefore we choose an interface definition to yield a reasonably thick interface as shown in Fig. 1 . Ions determined to be in the interface are found where one would expect them, along the border of the solid and liquid phases. Note that many of the ions determined to be part of the interface look to be part of the solid by eye.
C. Semi analytic extrapolation of results from previous works
There are a few calculations of three-component plasmas and in particular the carbon-oxygen-neon system [9, 13] , but it is difficult to make quantitative comparisons with these works. On the other hand, there are several quantitative results for one-and two-component plasmas [e.g. 9, 11]. Using the method described in Medin and Cumming [16] , hereafter MC10, we can extrapolate the one-and two-component results for comparison with the C/O/Ne system described in this paper. A full description of the extrapolation method is given in MC10; here we outline the basic algorithm.
A multicomponent plasma (MCP) can be characterized by the charge Z i and fraction composition x i = N i /N of each ion species and the average Coulomb coupling parameter, Γ [Eq. (3)]. For a given Z = {Z i }, x = {x i }, and Γ, the equilibrium state of the mixture is fixed. This state, the state of lowest free energy, may be a pure liquid phase, a pure solid phase, or some combination of liquid and solid phases. For a given Γ, an MCP of composition x lies in a transition state between two phases of compositions a and b if it can be formed from a linear combination of the two phases and its free energy as a pure phase is greater than the total free energy of the combined phases; i.e., if
and
for some 0 < A < 1, where f x is the free energy per particle of composition x, etc. The extrapolation method proceeds in two parts: First, the free energies of both the liquid and the solid phases of the MCP are calculated from the relevant one-and two-component values. Second, minimization is performed over (liquid and solid) composition space to find the mixture a, b, A that gives the lowest total free energy for that composition, or to show that pure x is lower in energy than any other mixture with the same average composition. The free energy of the liquid phase of a multicomponent plasma is well described by the linear mixing rule (but see Appendix B of MC10); i.e.,
where Z = m i=1 x i Z i is the average ion charge and m is the number of ion species. The free energy of the solid phase of the MCP is
The expression we use for the deviation of the solid from linear mixing ∆f s is that given in Ref. [9] ; another expression for ∆f s can be found in Ref. [11] [see also 8, 13] . Here, f For a multi-component plasma, assuming a is in the liquid state and b is in the solid state the minimization equations to solve are
(see equations 28 and 29 of MC10). With Eqs. (14) and (15) we must make a choice: Do we solve for Γ given the fraction 0 < A < 1 of the mixture in state a, or do we solve for A given Γ? As will be discussed below, we choose the former for this paper. If we are given an average composition x and the fraction 0 < A < 1 of the solution in state a (or the fraction 1 − A in state b), we can solve for Γ and the compositions of both the liquid and solid mixtures in equilibrium. We have 2m − 1 unknowns, a 1 , . . . , a m−1 , b 1 , . . . , b m−1 , and Γ; but in addition to the m equations Eqs. (14) and (15) above we have the m − 1 equations
(note that a i = 1, b i = 1). Using the above method we generate results for the C/O/Ne system. These results, presented in Table I, Ne , respectively. Ideally, the value of A for each comparison is that of the liquid fraction used in the simulation run. However, the finite size of the simulation provides some ambiguity to the problem. In the simulations there is an interface region which is neither solid nor liquid that affects the total composition; in the semianalytic method discussed here the interface is assumed to be negligibly small (the system is assumed to be very large). To get around this ambiguity we effectively ignore the interface region and choose A to solve
Note that a different value for A would be obtained had we chosen to solve for it in terms of x O or x Ne . However, A calcluated in terms of x O is very similar to that of x C and leads to differences in results of no more than 5%; A calculated in term of x Ne is also similar except when x Ne x C,O . Figure 2 of Ref. [4] helps show why we used the A values, and not the Γ values, from our simulations to make comparisons with previous works. Because of systematic differences between our direct MD simulations and the semianalytic extrapolation, for certain initial compositions and values of Γ (or equivalently, T /T C in Horowitz 2010) the final liquid-solid ratios from these two calculations are qualitatively different. For example, there are regions of the phase diagrams at large Γ where mixtures are completely solid according to the extrapolation results but are liquid-solid according to the simulation results. By fixing the liquid fraction A instead of Γ we are guaranteed to find a liquid-solid mixture using the extrapolation method, though it will not necessarily be at the same Γ as the simulation result.
III. RESULTS
We now present results for liquid-solid equilibria for multiple mixtures of 12 C, 16 O, and 22 Ne. We intend to explore the effect of various trace neon concentrations x N e = 0.02, 0.10, 0.20 in different ratios of carbon to oxygen, 3 : 1, 1 : 1, 1 : 3. For these compositions, the ratio of carbon to oxygen has a larger qualitative effect than different neon concentrations, so our runs will be grouped based on the carbon to oxygen ratio.
A. Runs with 1 to 3 carbon to oxygen ratio
Our first set of simulations had a carbon to oxygen ratio of 1/3 and we used x N e = 0.02, 0.10, and 0.20. We randomly place 3456 ions in a simulation volume at a somewhat high temperature Γ ∼ 150 relative to the expected melting temperature 175 < Γ c < ∼ 300. We then make four copies of this system and this constitutes the initial liquid. We then take another 3456 ions at a lower temperature Γ ∼ 300 and allow the system to crystallize. After evolving the solid system to allow it to roughly equilibrate, t ∼ 60000/ω p , we make four copies of the system to make the total solid initial configuration. The liquid and solid layers are then joined to make a total system size of 27648 ions.
These initial configurations are not equilibrated for a number of reasons. First, since we combined a total of eight sets of initial conditions in building each large system, the energies along the boundaries may be high. There may be ions that are placed close together. The crystal is also not fully equilibrated with respect to structure and composition. These systems may take considerable time to fully equilibrate.
We then evolve the system in small time steps, ∆t ∼ 1/9ω p . The temperature is adjusted to maintain roughly 50% liquid and 50% solid. In Section IIb we showed that the phase fraction is a difficult determination by eye when including the interface and generally have 50% liquid, 30% solid, and 20% interface ions. The system is then evolved for a total time of at least t = 2.5 × 10 6 /ω p to allow the system to fully equilibrate and allow the impurities to diffuse through the system. These simulations were performed on the Cray XT5 system Kraken at the National Institute for Computational Sciences. 
As the run starts, Γ was kept high (low temperature) in order to keep the badly non-equilibrated solid frozen. As the system rapidly equilibrates, the temperature was then raised towards its final equilibrated value. The temperature then fluctuated at about the half percent level for the rest of the run. We expect the solid to be enriched in oxygen and the liquid to be enriched in carbon based on our recent carbonoxygen phase diagram work [4, 18] . The results shown in Figure 2 suggest that neon as an impurity does not qualitatively affect these results.
B. Runs with 1 to 1 carbon to oxygen ratio
Our second set of runs use a 1/1 carbon to oxygen ratio with x N e = 0.02, 0.10, and 0.20. We start these systems in a very similar way to the 3/1 carbon oxygen ratio systems. The history of these three runs is shown in Figure 3 . We expect, once again, that the solid will be enriched in oxygen and the liquid enriched in carbon. As in the previous sets of runs, the addition of neon does not qualitatively change these results.
C. Runs with 3 to 1 carbon to oxygen ratio
Our final set of runs has an overall carbon to oxygen ratio of 3 to 1. We started these runs in a very similar way to all other runs described. The history of these three runs is shown in Figure 4 . Our previous carbon-oxygen phase diagram suggest that there should be no difference in this ratio between the liquid and solid for carbon and oxygen. Now neon is enriched in the liquid phase in all cases.
D. Collected results and supplemental run
We now present the collected results from Sections III A, III B, III C. The final compositions and final temperature of the runs are listed in Table II . These data are shown on a ternary plot in Figure 5 . A point on this plot corresponds to the composition (x C , x O , x N e ) subject to x C + x O + x N e = 1. The number fraction of any given species is x i = 1 at the labeled vertex and x i = 0 on the line opposite it. The solid symbols are the data from the MD runs and the open symbols are the model predictions. The fact that the squares and circles lie close to lines of constant neon concentration shows that the neon abundance does not strongly impact the shape of the CO phase diagram.
The 3:1 carbon to oxygen ratio runs have the largest discrepancy between the MD runs and the theoretical model. In order to determine whether this is an actual difference between what was predicted and what was run or if the difference is due to statistical fluctuations, we performed another run for x C,O,N e = 0.68, 0.22, 0.10 with twice as many ions, N = 55296, in a rectangular box with L z = 2L x = 2L y , where L i are the box lengths in the three directions. We started this system with a biased composition as was done in Ref. [18] . Instead of starting with the liquid and solid at x C,O,N e = 0.68, 0.22, 0.10, we started with the composition predicted in the theoretical model of 6 /ω p . These results are the blue triangles in Figure 5 . Notice how even though the initial conditions agreed with the model predictions, this MD simulation still moved towards our previous N = 27648 ion MD compositions.
We now test the agreement on the melting point, Γ, between our MD simulations and the theoretical model. Note that the model predictions were determined using our MD data for the liquid fraction, A. In general, the model predicts lower Γ values by 5-20%, see Table I , than do our MD simulations, see Table II and Fig. 6 . This difference appears to be correlated with the impurity parameter Q imp ,
This parameter measures the dispersion in charge of the ions. For systems with a small number of impurities (small x N e ) there is good agreement between model and simulations. However the difference is larger for systems with a large number of impurities (in general large x N e ). This is illustrated in Figure 6 . This difference suggests a possible problem with the correction to the linear mixing rule for the free energy of the solid phase that is used by the model, see ∆f s in Eq. (13) that is taken from Ref. [9] . For example the assumed bilinear form (see MC10 equation 13) may be too simple. In future work we will calculate the free energy of solid C, O, Ne mixtures, using single phase MD simulations, and compare to the assumed linear mixing rule corrections. 
IV. CONCLUSION
We have performed molecular dynamics simulations to determine the influence of 22 Ne in carbon-oxygen-neon systems on liquid-solid phase equilibria. Both liquid and solid phases are present simultaneously in the simulation volume. We identified liquid, solid, and interface regions in our simulations using a bond angle metric described in Section II B. This is the latest in a series of papers on liquid-solid equilibria both for complex multicomponent rp ash systems on accreting neutron stars [19] and for two component carbon-oxygen systems in cooling white dwarfs [4, 18] .
In general we find good agreement for the composition of liquid and solid phases between our MD simulations and the semi analytic model of Medin and Cumming [16] , see Fig. 5 . The trace presence of a third component, neon, does not appear to strongly impact the chemical separation found previously for two component carbon and oxygen systems. This suggests that the presence of small amounts of 22 Ne does not qualitatively change how the material in white dwarf stars freezes. This is consistent with assumptions in recent calculations of white dwarf evolution [24] but appears to be at odds with Segretain [13] .
However, we do find systematically lower melting temperatures by 5-20% (higher Γ) in our MD simulations compared to the semi analytic model, see Fig. 6 . This difference seems to grow with impurity parameter Q imp . This suggests a problem with the simple corrections to the linear mixing rule for the free energy of multicomponent solid mixtures that is used in the semi analytic model. These simple corrections may have been fit to simulations involving only a small number of ions and where the distribution of impurities may not have been fully equilibrated. Alternatively, the model assumes corrections to linear mixing for the three component system can be written as a sum of pairwise terms and this assumption may be inadequate.
To investigate these differences we are performing extensive single phase MD simulations of two and three component solid mixtures. These simulations involve 27648 or more ions and long simulation times. We are calculating radial distribution functions and static structure factors. In addition we are studying the diffusion of impurities and defects in these solid mixtures [20] . Not only do impurities occupy substitutional or interstitial positions in the crystal lattice, but the lattice itself can deform locally to accommodate impurities. This may be because the 1/r Coulomb interaction has no intrinsic length scale. Therefore bond lengths are free to deform locally, depending on the charges of individual ions, as long as an average bond length is reproduced over large distances. In future work we will report on the structure of solid mixtures and on their free energies.
